The longitudinal coupling impedance presented by a single wall discontinuity to the circulating beam in a circular accelerator or storage ring is usually analyzed by considering a "developed" periodic structure. However, the typical parameters are often such that it becomes adequate to treat the discontinuity as a nonperiodic problem. Using modal field matching methods, solutions were derived for the cases of a single as well as a double-step discontinuity in a circular beam tube. Numerical results are presented in this paper and the typical behavior at low frequency, at resonance, and above cut-off is discussed.
I. Introduction
The coupling impedance presented by a single wall discontinuity to the circulating beam in a circular accelerator or storage ring is usually analyzed by considering a "developed" periodic structure.1'2 However, the typical parameters are such that it becomes adequate to treat the cavity as a nonperiodic problem. For example, below the cut-off frequency of the vacuum chamber the-circumference of the machine is very much larger than the cut-off wave length, and the circular character of the machine becomes inconsequential. The same reasoning holds above cut-off frequency, if the circumference is also much larger than the attenuation length, typically on the order of a few 100 m. Furthermore, since measurements are conveniently performed only on structures of small dimensions the coupling impedance of a single discontinuity must be understood. These arguments suggest the need for an analytical treatment of the nonperiodic case.
In the present paper the simple, yet representative case of a double-step cross section change in a circular vacuum chamber is analyzed (Fig. 1) (1) The Z/n can show a resonance-like enhancement at the cut-off frequency of the larger tube, and (2) the Z/n well above the cut-off frequency of the larger tube is mostly resistive in nature and decreases inversely with frequency.
II. Fields in a Smooth Vacuum Chamber
For the purpose of the subsequent analysis we at first consider a modulated particle beam traveling with velocity v=c on the axis of a smooth vacuum chamber. The beam is assumed to be stiff, that is, fields generated by the environment do not change the initial motion or charge distribution. To simplify the expressions a filamentary current of unit strength is assumed, i = exp(-jkz)exp(j w). Wave number k and frequency w are related by w-k in natural units (ct-Loml). Omitting the common time factor exp(jwt), one can write for the three field components EzB=O and ErB=HcpB=(2rr)-l. The field configuration of the filamentary beam is that of a coaxial transmission line, which is at the basis of bench measurements of the coupling impedance.9
The well-known expression for the coupling impedance of the smooth vacuum chamber10 cannot be derived using the assumption of a filamentary beam (and certainly not if v=c). However, it is thought that the calculation of the additional coupling impedance resulting from the discontinuities in the vacuum chamber will not be affected by these simplifications. It must be expected that the extreme relativistic solution loses Low-Frequency Limit. The expressions for the coupling impedance of a single step in the low-frequency limit were derived and numerical results obtained. In Fig. 2 the step inductance, actually A/(d-b) shows only a marginal agreement. Frequency Dependence. In Fig. 3 the behavior of the step inductance, normalized to its value at zero frequency is shown. Below cut-off of the larger tube A is strictly real, above cut-off an imaginary component of A corresponding to beam loss into the vacuum chamber appears. Since the analysis is based on lossless structures, the energy is dissipated at infinity. In practice, the energy is dissipated within about one attenuation length from the discontinuity. The absolute value of JAI over a wider frequency range is shown in Fig. 4 . A strong resonance-like enhancement can be seen at all frequencies corresponding to tjon/d. Strictly speaking, this is not a resonance since the impedance is inductive above as well as below the peak. The enhancement is strongest at cut-off (n31) and its value dependent on the step size (shown as solid curve in Fig. 5 ). At very high frequencies, w»>>j01/d, the character of A is essentially imaginary (i.e. the coupling impedance is resistive). The value of the "resonant" peaks decreases like JAI -AJ0jd-d1/e, which is depicted by the dashed curve in Fig. 5. IV. Double-Step Solution The Low-Frequency Limit. The general solution for the lossless double-step (Fig. 1) , valid at all frequencies, is obtained by the same approach used above. The results for the low-frequency limit are given in shows reasonable agreement for sufficiently large step sizes (S>l.l) and short cavities (2g<d).
Cavity above Cut-off. 
